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A NOTE ON THE DEEORMED HERMITIAN YANG-MILLS PDE 


VAMSI P. PINGALI 


Abstract. We prove a priori estimates for a generalised Monge-Ampere PDE with "non-constant co¬ 
efficients" thus improving a result of Sun in the Kahler case. We apply this result to the deformed 
Hermitian Yang-Mills (dHYM) equation of Jacob-Yau to obtain an existence result and a priori estimates 
for some ranges of the phase angle assuming the existence of a subsolution. We then generalise a 
theorem of Collins-Szekelyhidi on toric varieties and use it to address a conjecture of Collins-Jacob-Yau. 


1. Introduction 

According to some versions of superstring theory the spacetime of the universe is constrained to 
be a product (more generally a fibration) of a compact Calabi-Yau three-fold and a four dimensional 
Lorentzian manifold. A "duality" relates the geometry of this Calabi-Yau manifold with another 
"mirror" Calabi-Yau manifold. From a differential geometry standpoint this maybe thought of 
(roughly) as a relationship between the existence of "nice" metrics on a line bundle on one Calabi- 
Yau manifold and special Lagrangian submanifolds of the other Calabi-Yau manifold. Using the 
Fourier-Mukai transform on a torus fibration, Leung-Yau-Zaslow suggested [6] that this "mirror 
symmetry" implies that the following special Lagrangian-type PDE ought to be satisfied on a 
compact Kahler manifold (X, co) of complex dimension n. 

(1.1) Im {{co - Ff) = tan(0)Re {{co - Ff ), 

where F is the curvature of the Chern cormection of a hermitian metric on a holomorphic line bundle 
L and tan(0) is the constant defined by integrating equation 1.1 on both sides. The angle 6 has been 
christened "the phase angle". 

In [5], Jacob and Yau showed that for a given ample line bundle L over a compact Kahler manifold 
with non-negative orthogonal bisectional curvature, admits a solution to the equation 1.1. In [1] 
Collins, Jacob and Yau showed existence under the assumption of a subsolution with supercritical 
phase. In this paper we aim to get similar results using a different method. 

We first prove a priori estimates for a generalised Monge-Ampere PDE with "non-constant" 
coefficients. In the Kahler case this is an improvement of a result of Sun [9]. 


n-1 

Theorem 1.1. Assume that nQF~^ - ^ 

k=0 

solution of 

( 1 . 2 ) 

k=0 '' ' 

where Ck > 0 are smooth functions such that either Ck = 0 or Ck > 0 throughout, and Y^k ^k > 0. Then 
||(/)|lc 2 ,« < C{ck,Fl,co,X,a). 


Ck{n - k)QF ^ ^co^ > 0. Let (p satisfying infx cp = 1 be a smooth 


We then apply the preceding result to equation 1.1 to arrive at the following result. 

1 


2 


PINGALI 


Theorem 1.2. Let (L, ho) be a hermitian holomorphic line bundle on a compact Kdhler n-complex dimensional 
manifold {X,co). Let Fq denote the curvature of the Chern connection of {L, ho). Let 6 he a smooth function 
on X. Under the following assumptions any smooth solution h = hoe~^ of equation 1.1 satisfies the a priori 
estimate ||(/)||c 2 ^ < C{a,X,Q,6,co). In addition, if 9 is a constant such that the integrals on both sides of 
equation 1.1 are equal, then there exists a smooth solution satisfying 1.1. 

(1) Ifn = 2m + 1 then tan(0) is assumed to be smooth and Q = V^Fo “ tan(0) is assumed to be a 

supercritical phase subsolution, i.e., Q > 0 and ^ > 0 where c^ are defined as 

C2j = sec{0)2'"+2-2/ gin((2m - 2;)0) 

(1.3) C2j+i = 2^+1) - 2j - 1)9). 

In addition, we assume that Ck as defined above are either strictly positive throughout or are identically 
zero. 

(2) If n = 2m then cot(6) is assumed to be smooth and Q = o + cot(0) is assumed to be a 

supercritical phase subsolution, i.e., Q > 0 and nQ."~^ - ^ CkkQ!^~^co"~^ > 0 where Ck are defined as 

(1.4) Ck = csc(0)2'"-'^(-l)2'"-'^+^|^^Jsin((2m -k- 1)0). 

In addition, we assume that Ck as defined above are either strictly positive throughout or are identically 
zero. 


Remark 1.3. The assumption Q > 0 in theorem 1.2 is implied by the assumption of supercritical 
phase (L arctan(p/) = 0 e ((n - 2)j,nj) where pi are the eigenvalues of V^F with respect to cu) 
using proposition 8.1 and lemma 8.2 of [1]. 

Remark 1.4. Theorem 1.2 is actually a special case of theorems 1.1 and 1.2 of [1]. But the point 
here is not so much the theorem itself as the proof of it. The estimates involved and the method of 
continuity used are much simpler compared to those in [1]. 

The main assumption of having a subsolufion in theorem 1.2 is actually quite difficult to check. 
It seems that it is almost as difficult as actually solving the equation itself. Therefore, it is desirable 
to have easier "algebro-geometric" assumptions on a generalised Monge-Ampere equation akin to 
the J-flow equation in [2]. Indeed, by modifying the technique in [2] we get the following result on 
toric varieties. Notice that the following result is also an improvement of [2] even in spirit because 
we are allowing Ci = 0 in this theorem (at the cost of assuming that c,, >0). 


Theorem 1.5. Let Xbe a compact toric manifold of dimension n, with two toric Kdhler metrics Q and co. 
Suppose that 



n-k 


> 0 , 


where Ck>0 are constants such that either ci > 0 or Cn > 0. Also assume that 


X 
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for all p-dimensional toric subvarieties and all p < n - 1. Then there is a smooth Kohler metric = 
Q + such that 

(1.5) ni = J^c,hco^ni-^ + dco" 

k=l '' ' 

for a suitable constant d>0 with equality holding if and only if equality holds in inequality 1.5. 

Using this theorem we get the following corollary which addresses conjecture 1.4 of [1]. 

Corollary 1.6. For every toric subvariety V of a toric manifold X, define Oy = Arg I (co - Assume 

Jv 

that CO and Fq are torus invariant. Let 6 as in equation 1.1 be a constant. If 

(1) For every toric subvariety ofX, ©y > 6 - {n- diml/)^, and 

(2) Ck as defined in theorem 1.2 satisfy Ck>0 with cq > 0, 

then there exists a smooth solution to deformed Hermitian Yang-Mills equation 1.1. 

Almost all the results in this paper are based on the observation that equation 1.1 can be treated 
as a generalised Monge-Ampere equation. We believe that one can push these techniques further in 
order to obtain more general results. This will be investigated in future work. 

Acknowledgements : The author thanks Gabor Szekelyhidi for helpful discussions. 


2. Some a priori estimates for the generalised Monge-Ampere equation 

In this section we prove a fairly general a priori estimate on compact Kahler n-dimensional 
manifolds (X, co) with another Kahler metric Q(j, = Q -I- y/Mddcp. First one has a uniform estimate. 


Lemma 2.1. Assume that nDT ^ 
solution of 

( 2 . 1 ) 


U ]cii;(n - fc)Q” ^ ^co^ > 0. Let cf) satisfying sup^ cp = 0 be a smooth 
k=0 ^ ' 



where > 0 are smooth functions. Then ||(j)||co < C(Ck,L},co,X). 


The proof of this lemma follows almost word-to-word from [10] and is hence omitted. Alterna¬ 
tively one can use the "standard" Moser iteration type argument ([9] for instance). 

Next we prove a Laplacian bound for generalised Monge-Ampere equations with "non-constant 
coefficients" (an improvement of a result of Sun [9] in the Kahler case). Using Evans-Krylov theory 
one can prove that ||(j)||c 2 ,<i < C. We change the normalisation of cp to be inf cp = 1. For this estimate 
we need the uniform estimate. 

Proof of theorem 1.1 : 

Define Ok{A) as the coefficient of t^ in det(l + tA) and Sk{A) = for Hermitian matrices A whose 

eigenvalues will be denoted by A,. Recall that for diagonal positive matrices A and arbitrary Her¬ 
mitian matrices B we have the following standard result (for instance lemma 8 in [2]). We denote all 
constants by C in whatever follows. 


L 


daijdajj 


^ij^kl + 


L 


dSk 

dAi Aj 


> 0 . 


( 2 . 2 ) 
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Akin to Yau's celebrated proof of the Calabi conjecture, let ip = be a function where 

y{x) is to be chosen later. Assume that the maximum of is attained at p and that coordinates are 
chosen near p so that a){p) = V^L A dz\ a),iip) = co j{p) = 0, and Qcj, = V^J^Aidz‘ A dz\ At p, 
Vip = 0 and V'^ip is negative-definite. Using this we have. 


ncu” , no;” 

0 = tiip) = —- y ^4- 


CO" 


CO" 


0 > 


(2.3) 




kj 


CO" 

V--, nco"-^Q^nco”-^cog nco’^-^Q^ ij 

-^- 

k.i 


CO^ CjO- 

, na)"“^QA , na;”“^Qrf 


-y 1^4-1 


n 


co'^ CO" 

noj'^-'^CL^u 


CO 


n 


y 


CO 


n 


y 




CO" 


At this point we divide equation 1.2 on both sides by Q" and differentiate once to obtain at p 


(2.4) 




Differentiating again and using inequality 2.2 we get 


dS]^ Y^ dSj( Y^ / n\ ^cp 

0 > 2^ Ck,i.ifiSk + 2_j ^k,i.i-^{^(p)ny 2^ 2^ 


(2.5) 




dSi 


0!( 


cr 


^ ^A; Ab¬ 


using 2.5 in 2.3 we get (after simplifying) 




dS^^^noj^ ^ ^ nco'^ , 


k,i 


dA; L co" 


■i-y (p,i) + 


CO" 


i-y (p,i) + ((y) - y )l^4 


, ncu” ^Q, 




ncu” ^Qa nco" ^Oat 

■y 4* ft -c- 


cu" 




+ y i^(j,)fi,p + y ,9A; y 


C)C 


(9A; Ay 


( 2 . 6 ) 





















DEFORMED HERMITIAN YANG-MILLS PDE 


5 


At this juncture, we notice that (here is where we use the assumption that either Ck is identically zero 
or C;t > 0 everywhere) 


Yj dAi ^ Y dAi -Y^’^ dAi 

L dSjc 


dSk( 1 2, 

' 7^--F-|(lncjc),p| A/ 

/V/ £ 


^ + 1 
^dAi Ai e 


Ya -\(^‘^k),ffckkSk 


> 


y dbk 


dSk C 


(2-7) A 

oAi Ai e 

Likewise, using the Cauchy-Schwartz inequality on the first two terms of 2.6 we see that 


nco L2|^ ;• , noj Ll^ ;■ Q^n yiQj Clfpj 

P-8) + <!>.,)>-— 


/\2| - |2 


CO" ' CO 

Putting 2.6, 2.7, and 2.8 together we obtain 


nco" 


'(p 


CO'- 


- (y) \(p. 


nco" 


CO" 


e-Y^ ‘^^dAi^^ nco"-^Q^' co 


CO 


,n nco" '^Qs,i J „ nco" '^Q. 

-|2-{y +C)\(P/ 


- , nco"-^nr, 

-r(p„ 


+ 




dSk 1(^6 )»,f 

e- 


E 


Ck 


A, 

It is easy to see (for instance using Lagrange multipliers for the second inequality) that 


dSk 

dAi Ay 


CO" 

a 


co" 


E 


Ck 


( 2 . 10 ) 


dSk 

dAi Ai 
o)" nco"~^D, 


-E 


dSk 1(^6^ 




‘<p,i 


nco"~^Q.^ co" 


+ 


E 

If 


l(O^) 




A; 


> 0 . 


Using 2.10 in 2.9 we see that 

C ^ 

'■ dAi ' 


k.i 


nco" ^Q, 


co'- 


p,i n // 9 ^‘P ' 

-I - (y \(p,i\ + c)— —- y (p^ii 


nco" 


co" 


co" 


Using the first equation in 2.3 we see that 

C Y"' dSp r / 9 // 9 nco" ^Clri 

(2.12) + 7 - ~ ^ ^ ^ ^ 


k.i 


CO" 


■ y Vir 


nco"-^Q 


CO" 


Using another standard lemma (originally due to Fang-Lai-Ma [4]) in the form of lemma 4.1 in [9] 
we see that (assuming that y' > 0) 

C Y"! dSk r / 9 // 9 nco" .nco" i ^Si-i 

(2.13) C + - > - ((e(r ) + y )\(p^ + C)———] + Oy ———[l + Y 

k,i 


for some uniform constant 0 > 0. Choosing y(x) = we see that -y” - e(y')^ = 0, and y' > 


Choosing e to be sufficiently small we see that —^ (p) has to be bounded above to avoid a con- 


£ sup (p ■ 


tradiction. 


□ 
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Proof of theorem 1.2 : Using the method of continuity as in [8] one can (re)prove an existence re¬ 
sult for the generalised Monge-Ampere PDE in the case where are constant [8, 9, 2]. We rewrite 
equation 1.1 as follows. 

If n = 2m -I- 1, let Q = o “ tan(0). 

Im(((i; -I- V^(Oa -t cutan(6)))^'"'''^) = tan{0)Re(((U -I- -I- cutan(0)))^"^'''^) 


2m+l 

k=0 
2m+ l 
tan{0) 2^ 


2 m -I -1 


k=0 


0) 

2m -I-1 


2m+l-k 


Q^Im{( V^)'^(l + V^tan(0))2'"+i-^) 


0 ) 


2m+l-k 


Q^Re((V^)'^{l + V^tan(0))2"^+i-'^) 


2m+l 

L 


k=0 


2m 1 


sec(6) 


Zm+l-k ^2m+l-k 


Q^Im(( V^)^(cos{( 2 m -l -1 - k)0) + V^sin({ 2 m -l -1 - k)9))) 


(2.14) 


2m+l 


tan(0) 2^ 


fc =0 


2 m -I -1 


sec(0) 


2m+l-k ^2m+l-k 


Q^Re({ V^)*^(cos{( 2 m + 1 - k)e) + sin{( 2 m + 1 - fc)0))) 


If n = 2m, let Q = V^Fo -I- CO cot(0). Calculations similar to 2.14 show that 

2m \ 

2m\ 


k=Q 


cot(0) , csc(e)2”'-*^a;2'”-'^Q5, sin((2m - k)e) 


2m 


(2.15) 


k=0 


= j csc(0)2”'-V’"-'^q5, cos{{ 2 m - k)e) 


In either case, 1.1 boils down to 

(2.16) = 

where if n = 2m -l-1 
/2m -I- 1 


-k 


Cfc = ^1 sec{ 0 )^’”'^^ tan(0)Re{( V^)^(cos{( 2 m -i-1 - k)6) + V^sin(( 2 m -l-1 - k)9))) 


(2.17) -Im{( V^)^{cos(( 2 m -I- 1 - k)9) + V^sin(( 2 m -i-1 - A:)6)))), 
and if n = 2 m 

(2.18) c, = csc(0)2-*^(-l)'^|^”'J 

Using the assumptions of the theorem and the comments in the begirming of the proof we obtain 
the required a priori estimates for non-constant phase and existence result for constant phase. 


cot(0) sin((2m - k)9) - cos((2m - k)9) 


3. Toric varieties 

We first state and prove a theorem that is almost the same as theorem 1.5 with one extremely 
important difference, namely, Ci is assumed to be positive. The proof of the following theorem 
follows [2] very closely (we just use more general C^'“ estimates borrowed from [7]). 
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Theorem 3.1. Assuming the same hypotheses as in theorem 1.5 and that Ci> Q we have the same conclusion 
as in theorem 1.5, i.e., the generalised Monge-Ampere equation has a solution. 


Proof of theorem 3.1 : Just as in [2] the proof proceeds by induction on the dimension n of M. For 
one dimensional manifolds the result is straightforward. Consider the method of continuity 


k=l 


.kr)n-k 




4>t 


<pt 


For t —> oo there exists a solution using the Calabi-Yau theorem and the implicit function theorem. 
Thus the problem reduces to proving that the infimum of f > 0 for which the equation has a solution 
is 0. For this one needs a priori estimates on (p. Using the induction hypothesis one sees that the 
equation 


to. 


n-1 


n-1 

k=l 


kr^n-l-k 




+ djco 


n-1 


has a smooth solution over each of the toric divisors Di of X. Using the (pi, just as in [2] one can 
construct a viscosity supersolution (p to the equation in a neighbourhood U of the union of the toric 
divisors D = U;D; and use it to reduce the estimate on U to a estimate on dll. If one manages 
to prove a estimate outside U, then one can use a lemma of Tosatti and Weinkove [11] to prove a 
global estimate. The Evans-Krylov theorem then gives estimates thus completing the proof. 

In order to prove estimates outside U, one just needs to prove such estimates on every com¬ 
pact set K outside U. Since we are dealing with torus invariant metrics, we may assume that locally 
Q = ij^ddg and (o = yf-Addf where g and / are convex. By using the moment map (i.e. Vg) 
one can easily see find a estimate (lemma 26 in [2]). Given a estimate, one can obtain a 
estimate by the Evans-Krylov theorem. 

To prove a estimate, one uses a contradiction argument in conjunction with the Legendre trans¬ 
form. Very roughly speaking, the Legendre transform converts D^g to D^h = (D^g)~^. Therefore, 
an upper bound on D^g translates into a lower bound on D^h. If this is violated and D^h becomes 
degenerate somewhere, then a theorem of Bian-Guan ensures that it is degenerate everywhere (this 
is one of the places where we use the hypothesis that Ci > 1) and this provides the desired contradic¬ 
tion. The details of this idea are in proposition 27 of [2]. However, in order to use the contradiction 
argument we need to take a limit (it is to that limiting h that we apply the Bian-Guan theorem). To 
this end, one needs the following lemma (essentially a estimate): 


Lemma 3.2. Suppose that h : B ^ IRis a smooth convex function on the unit ball in R” satisfying 

n _ 

(3-1) C](Si(^^hi^(yiq{hij) + aij(yh)hij = 1, 

k=2 i,j 

where bk are positive definite matrix-valued functions, Ci > 0 are constants, 0 < A < aij < A, aij,bk e C^'“, 
and Skfi^(yh){hij) Is the coefficient oft^ in det{b]fyh{x)) -F tD^h{x)). Then we have ||/i||(- 2 ,a(iB) < Cfor a constant 
C depending on II/iIIcd A, A and bounds for aij and b^. 

The proof of this lemma follows from the results in [7] and repeating the blowup argument almost 
word-to-word of proposition 29 in [2]. □ 

Now we use a small trick to complete the proof of theorem 1.5. 
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Proof of theorem 1.5 : Assume that Ci = 0. Since there are only finitely many toric subvarieties, 
the assumptions of theorem 1.5 imply that 

n-1 


C Q" - C necoQ" ^ ^ f - (c„ - Ce) C co" 


> 0 


for some constant C satisfying C > — and a small constant e < and likewise for all p- 

dimensional subvarieties. Therefore, by theorem 3.1 we see that there is a smooth function and a 
constant de > 0 such that 


n-1 


(3.2) = necoCll^ ^ ^ + de(o'\ 

This implies that satisfies 


k=l 


n-\ 

(3.3) nOf-^-Y^Ck 

k=2 

Taking as the background metric instead of Q, using the a priori estimates in lemma 1.1 (or 
alternatively in [2, 9]), and the method of continuity as in [8] we can solve the equation. This gives 
the desired result. 

We are ready to prove corollary 1.6. Indeed, 

Proof of corollary 1.6 : In the proof of fheorem 1.2 we reduced the dHYM equation to a generalised 
Monge-Ampere equation (equation 2.16). We may deduce the desired result by applying theorem 1.5 
provided the relevant hypotheses are satisfied. Indeed, lemma 8.2 of [1] implies that the "integration 
over subvarieties" hypotheses is equivalent to assumption (1) of corollary 1.6. 


h{n-k)co^Dl^-^>0 
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